We investigate the effects of a hot species on plasma stability in dipolar magnetic field.
I. INTRODUCTION
The Levitated Dipole Experiment (LDX) 1, 2 has been built and operated in an MHD interchange stable regime [3] [4] [5] [6] . The hot electron population is created by the electron cyclotron heating that increases the electron temperature 7 and can alter the interchange stability of plasma.
We examine the role the hot electrons play in modifying the usual ideal MHD interchange stability condition including wave-particle resonance effects by considering a confined plasma with an ideal fluid background consisting of electrons and ions plus a fully kinetic population of hot electrons. Based on current LDX experimental observations, unstable modes with frequencies ranging from two to five of kHz to hundreds of MHz are being observed 8 , corresponding to typical magnetic drift frequencies of the background species and hot electrons, respectively.
The format of this calculation is similar to that in our Z-pinch paper 9 , but is applied here to general dipolar geometry for which the unperturbed magnetic field 0 B is purely in the poloidal direction, while the unperturbed diamagnetic current 0 J is toroidal. To concentrate on the role the hot electrons play in modifying the interchange stability, we only consider flute modes with wave frequencies much higher than the background and lower than the hot species drift frequencies, since they are the least stable modes in the absence of hot electrons [3] [4] [5] [6] . As a result of our ordering, we do not consider the hot electron interchange, for which the mode frequency is of the order of the typical hot electron frequency, such as magnetic and diamagnetic. We treat the magnetic drift, consisting of comparable grad 0 B and curvature drifts, on equal footing with the diamagnetic drift. We obtain the dispersion relation for arbitrary plasma and hot electron pressures, but then examine three plasma pressure orderings relative to . Throughout the paper we compare and contrast the results from dipolar geometry to that of the Z-pinch.
In Sec. II we derive two coupled equations for the ideal MHD background plasma that involve the perturbed hot electron number density and the ψ ∇ component of the current. These two quantities are then evaluated kinetically in Sec. III. Section IV combines the results from the two previous sections to obtain the full dispersion relation, and general stability conditions, including a discussion of hot electron drift resonance de-stabilization effects. As an application of the above theory, a separable form of a point dipole equilibrium is considered and the results obtained are presented in Sec. V. We close with a brief discussion of the analysis in Sec. VI.
II. IDEAL MHD TREATMENT OF THE BACKGROUND PLASMA
Our derivation for the dipole geometry will follow the guidelines developed for the Zpinch 9 . In this section we will use an ideal MHD treatment to derive the ψ ∇ component of the perturbed Ampere's law and a perturbed quasi-neutrality condition. The quantities pertaining to the hot species, such as ψ ∇ component of the perturbed current and number density, will be evaluated kinetically in the next section.
Using the standard approach for the closed field line axisymmetric or dipole configuration we introduce poloidal magnetic flux ψ , toroidal angle ζ and radial distance from the axis of symmetry R so that the unperturbed poloidal magnetic field and toroidal current are given by: 
where it is convenient to write 1 B 
Equations (3) and (5) give
In addition, background plasma momentum and energy conservation are written as 
where i m denotes the mass of the background ions, b p 1 is perturbed background pressure, and Using the preceding system of equations, it is convenient to define
and then obtain two coupled equations for W and ψ ξ , both of which only require knowledge of the perturbed hot electron density and current, which are evaluated in the next section. To simplify the procedure we use the parallel component of Faraday's law and Eq. (3) to form 
and
Next, we consider the ψ ∇ component of Ampere's law,
The background contribution is calculated from the toroidal component of the momentum equation yielding 
To obtain the second equation, we start with background charge conservation in the form 
where we assume i n 0 is a flux function. Substituting Eq. (17) into Eqs. (15) and (16) 
where the terms with h n 0 are due to the charge uncovering effect of the hot electrons on quasineutrality.
Observe that without hot electrons we can easily recover the well known ballooning 
III. KINETIC TREATMENT OF THE HOT ELECTRONS
In the previous section we have obtained two coupled equations for quasineutrality and
Ampere's law that require knowledge of the perturbed hot electron density and current.
Generalizing the Z-pinch procedure developed in reference 9 to dipole geometry, we will first kinetically evaluate the perturbed hot electron responses in this section to obtain the dispersion relation in the next section. We assume that the temperature of the hot electron population, h T , is much larger that the background temperatures, which requires that the magnetic drift and diamagnetic frequencies of the hot electrons to be much larger than the corresponding background frequencies.
We assume that the hot electrons satisfy the Vlasov equation, and following the standard procedure for solving the gyro-kinetic equation 10, 11 we linearize the hot electron distribution function around the equilibrium by writing
. Employing the orderings 
where φ is gyrophase. As in the case of all axisymmetric machines, the toroidal component of canonical angular momentum is a constant of the motion and therefore it is useful to introduce 
where the scalar and vector potentials Φ and 
The solution to Eq. (22) is found by removing the adiabatic piece by writing
and then defining 
We recall that from Eq. (11 are flux functions to lowest order, which allows us to obtain a dispersion relation essentially the same as the one found for a Z-pinch 9 . This procedure allows us to recover all the results from the second option, but cannot otherwise be justified in any other rigorous fashion.
However, when we consider the point dipole model in Sec. V, we will find that the behavior of I , H , F , and G as a function of poloidal angle is similar to that of 
IV. DISPERSION RELATION
In this section we obtain the dispersion relation by substituting the expressions for 
where we define 
. Combining the preceding two equations with Eqs.
(33) and (34) to form the dispersion relation we obtain ( ) which is the same as the Z-pinch result 9 with the exception of flux surface and trajectory averages due to geometrical effects.
Even though, the dispersion relation looks quadratic in ω , in general, the coefficients of the above dispersion relation are not necessarily real or independent of the wave frequency due to the hot electron drift resonance with the wave. As we noted in the previous section, there are two types of resonance. A weak resonance occurs when the wave interacts with a few slow moving hot electrons. In this case, even though the imaginary parts of the coefficients in the above dispersion relation depend on the wave frequency, they are much smaller than the real parts. As a result, this type of resonance can be examined perturbatively, which is done later in the section. Another type of resonance happens when 1 > s and drift reversal is possible. In this case the wave interacts the hot electrons of particular pitch angles, the real and imaginary parts of the coefficients are comparable in size, and the interaction is strong and always unstable. In the remainder of this section we discuss stability assuming drift reversal does not occur.
We will not consider the high frequency regime having
. We simply remark that in this limit the wave frequency dependencies of G , H , F , and I terms can no longer be ignored. Consequently, the dispersion relation given by Eq. (38) is no longer a simple quadratic and its solution has to be found numerically. In this case, a new instability can occur which is often referred to as the hot electron interchange 12 .
In what follows we first consider the lowest order interchange modes in the absence of resonant hot electrons for h dh * ω ω ω << and then retain the hot electron drift resonance perturbatively.
A. Lowest order non-resonant modes.
To investigate the effects of hot electrons on stability for closed magnetic field lines, we first ignore any resonant effects and consider the electrostatic case. To do so we drop all the terms proportional to the background plasma, by assuming 
The overall multiplier in front is independent of the frequency, so stability requires In this regime, the dispersion relation is given by Eq. (38) with the G term ignored, and stability is determined by the sign of the discriminant. This limit will be investigated in more details for the point dipole equilibrium in Sec. V.
For completeness we also examine the case of equal hot and background pressures with 
with stability determined by the signs of three terms on the right hand side. Section V will also investigate this limit in more detail for a point dipole, for which d > γ always, so only sign changes in the numerator need to be considered.
B. Resonant hot electron drift effects on stability.
It is also of interest to examine how weak hot electron drift resonance effects change stability boundaries. We examine these effects by retaining the imaginary parts of G , H , F , and I . Since the imaginary parts of the hot electron coefficients are much smaller than the real ones, we may examine resonant effects perturbatively by writing 
and the positive geometrical coefficients defined by ( 
The sign of the Eq. (43) determines if plasma is weakly unstable. In our Z-pinch investigation, we have extensively evaluated all possible cases and requirements for this weak resonant instability. Here we will focus on three cases: electrostatic background, electromagnetic with 
≤
. However, more detailed results require a specific dipole equilibrium. In the next section we consider this high h β case further, as well as the situations already discussed, for the point dipole equilibrium 13 . Their point dipole model allows us to simplify the computational aspect of our analysis, while retaining enough features of the general dipole geometry to be of interest to LDX.
V. POINT DIPOLE APPLICATION.
In the previous section we derived and discussed the dispersion relation for interchange stability in general dipole geometry. Unlike the Z-Pinch, the dipole dispersion relation involves flux surface averages of various geometrical quantities, making it difficult to usefully discuss stability without numerical work and a specific dipole equilibrium. To obtain semi-analytical results we adopt the point dipole equilibrium found by writing the poloidal magnetic flux in the separable form given by we will return to, when the resonant effects of hot electrons are addressed later in the section.
Next, we turn our attention to analyzing the lowest order stability condition, which ignores the resonant particle effects and for the general case is described by the dispersion relation of Eq. (38). It is convenient to illustrate this analysis with plots of d as a function of β .
To do so, we use the expression that relates the total pressure gradient to the hot and the background pressure gradients, namely 
where for this point dipole model the total pressure is given by Eq. (49). Notice that if we assume equal background and hot electron pressure profiles and use
, we find that lowest order stability is always satisfied since Next we consider the resonant hot electron effects that determine what we refer to as the first order stability boundary. We note that these effects are weak, and therefore cannot stabilize the lowest order instability, but can potentially destabilize the zero order stable regions. Recall that resonant particle stability is determined by the sign of 1 ω , which is given by Eq. (43) . As both signs are present there will always be one unstable root.
In the lowest order stable regions with one positive and one negative root, only the positive root can lead to a resonant instability, and the condition for it will then be determined by the signs of N , ∆ , and K . We will first concentrate on the sign of the latter.
As we have discussed earlier in this section, the sign of K depends on the sign of ( ) , and is always resonantly unstable since it has two positive roots.
We conclude this section by stressing, that keeping
is the best means of keeping the plasma stable. In special cases, these conditions can be relaxed, but more profile control is required.
VI. CONCLUSIONS
We have investigated the effects of hot electrons on the interchange stability of a plasma confined by a dipole magnetic field and have obtained the general dispersion relation for arbitrary beta. The analysis of the stability boundary is dependent on the particular details of magnetic field, as well as the background and hot electron pressure, temperature and number density profiles. As a particular illustration of the preceding theoretical development, the dispersion relation is analyzed in detail for a point dipole equilibrium.
Our analysis indicates that it is impossible to have magnetic drift reversal in the point dipole, but it might become a concern in more general dipole geometry, in which case a strong instability would occur.
If resonant hot electron effects are neglected, we find that the general, experimentally achievable interchange stability condition normally remains close to We denote the gyrophase independent and dependent portions of
with a bar and tilde, respectively. Next, we obtain the two equations for both parts of 1 g . The equation for , we simply neglect all ω dependence in the t integrals. Then we only need to evaluate the lowest order resonant contributions in the following expressions: To calculate the small imaginary corrections due to the weak resonance, we consider the speed integrals first and note from (C1) that they are all of the form of 
